Abstract. Let A be a finite dimensional associative algebra over a perfect field and let R be the radical of A. We show that for every one-sided ideal I of A there is a semisimple subalgebra S of A such that I = I S ⊕ I R where I S = I ∩ S and I R = I ∩ R.
Wedderburn-Malcev Principal Theorem is one of the landmarks in the theory of associative algebras [1] .
Theorem 1 (Wedderburn, Malcev). Let A be a finite dimensional associative algebra over a perfect field and let R be the radical of A. Then there is a semisimple subalgebra S of A such that A = S ⊕ R. Moreover, if Q is a semisimple subalgebra of A then there is r ∈ R such that Q ⊆ (1 + r)S(1 + r) −1 . In particular, S is unique up to conjugation by units of the form 1 + r, where r ∈ R.
In this note we show that for every one-sided ideal I of A there exists a WedderburnMalcev decomposition S ⊕ R of A which splits I, i.e. I = I S ⊕ I R , where I S = I ∩ S and I R = I ∩ R.
Throughout this paper A is an associative left Artinian ring (or a finite dimensional algebra). We denote by R its radical. If V is a subset of A we denote by V its image in A = A/R. Let I be a left ideal of A and let Q be a left ideal of A. We say that I is Q-minimal if I = Q and for every left ideal J of A with J ⊆ I and J = Q one has J = I.
It is well known that every non-nilpotent left ideal of a left Artinian ring contains an idempotent, see for example [2, Theorem 24.2] . We need a bit more precise version of this fact.
Theorem 2. Let A be a left Artinian associative ring and let I be a left ideal of A. Suppose that I is I-minimal. Then there is an idempotent e ∈ I such that I = Ae.
Proof. We can assume that I is non-zero (otherwise I = 0 is generated by the idempotent 0). Since A is semisimple, there is a non-zero idempotent f ∈ I such that I = Af . Fix any x ∈ I such that x = f . Note that x 2 = 0 because x 2 = (x) 2 = f 2 = f = 0. Consider the map ϕ x : I → I defined by ϕ x (y) = yx for all y ∈ I. Then ϕ x is an endomorphism of the left A-module I. Note that the image J = ϕ x (I) = Ix is a left ideal of A. We have
Since J ⊆ I and I is I-minimal, we get I = J = Ix. Thus, ϕ x is surjective. Since I is an Artinian module, ϕ x is an automorphism. Hence, there is an element e ∈ I such that x = ϕ x (e) = ex. We have ϕ x e 2 = e 2 x = e (ex) = ex = ϕ x (e) , so ϕ x e 2 − e = ϕ x e 2 − ϕ x (e) = 0
Since ϕ x is injective, e 2 − e = 0, so e is an idempotent. As e ∈ I = Af , we have e = af for someā ∈Ā. Thus, ef = af f = af = e. On the other hand, we have ex = x, so ef = ex = x = f . Hence e = f =x. Therefore,
Since Ae ⊆ I is a left ideal of A with Ae = I and I is I-minimal, we must have I = Ae, as required.
Corollary 3. Let A be a left Artinian ring and let I be a minimal non-nilpotent left ideal of A. Then I = Ae for some idempotent e ∈ I.
Proof. Since I is non-nilpotent, I ⊆ R, so I is a non-zero left ideal ofĀ. Let J be a left ideal of A such that J ⊆ I and J = I. Then J is non-nilpotent (because J = I is nonnilpotent). Since I is minimal non-nilpotent, J = I. This implies that I is I-minimal. Therefore, by Theorem 2, there is an idempotent e ∈ I such that I = Ae.
We are now ready to prove our main result.
Theorem 4. Let A be a finite dimensional algebra over a perfect field F and let I be a left ideal of A. Then there exists a semisimple subalgebra S of A such that A = S ⊕ R and I = I S ⊕ I R , where I S = I ∩ S and I R = I ∩ R.
Proof. If I is nilpotent, then I ⊆ R, so I = I R as required. Suppose that I is nonnilpotent. Then I is a non-zero left ideal of A. Let J be a minimal left ideal of A such that J ⊆ I and J = I. Then by Theorem 2, J = Ae for some idempotent e ∈ J. By Wedderburn-Malcev Theorem, there is a semisimple subalgebra S of A such that e ∈ S and A = S ⊕ R. We have J = Ae = (S ⊕ R) e = Se ⊕ Re = J S ⊕ J R where J S = Se and J R = Re. Note that J S = J ∩ S (because e ∈ S) and J R = J ∩ R. Put I S = I ∩ S and I R = I ∩ R. Then J S ⊆ I S and J S ⊆Ī S ⊆Ī =J =J S .
This implies I/I R ∼ =Ī =Ī S ∼ = I S , so I = I S ⊕ I R , as required.
